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Abstract 

We study some examples of braided categories and quasitriangular Hopf algebras and 
decide which of them is pseudosymmetric, respectively pseudotriangular. We show also that 
there exists a universal pseudosymmetric braided category. 

Introduction 

Braided categories have been introduced by Joyal and Street in ^ as natural generalizations 
of symmetric categories. Roughly speaking, a braided category is a category that has a tensor 
product with a nice commutation rule. More precisely, for every two objects U and V we have an 
isomorphism cjjy : U^V — ?• V^U that satisfies certain conditions. These conditions are chosen 
in such a way that for every object V in the category there exists a natural way to construct 
a representation for the braid group i?„ on y®", therefore the name braided categories. If we 
impose the extra condition cv,ucu,v = "idjj^v for all objects U, V in the category, we recover the 
definition of symmetric categories. It is well known that symmetric categories can be used to 
construct representations for the symmetric group S„. 

Pseudosymmetric categories are a special class of braided categories and have been introduced 
in [9]. The motivation was the study of certain categorical structures called twines, strong twines 
and pure- braided structures (introduced in [1], and [H]). A braiding on a strict monoidal 
category is called pseudosymmetric if it satisfies a sort of modified braid relation; any symmetric 
braiding is pseudosymmetric. One of the most intriguing results obtained in [9] was that the 
category of Yetter-Drinfeld modules over a Hopf algebra H is pseudosymmetric if and only if 
H is commutative and cocommutative. We proved in |10) that pseudosymmetric categories can 
be used to construct representations for the group PSn = jp^p-^, the quotient of the braid 
group by the commutator subgroup of the pure braid group. There exists also a Hopf algebraic 
analogue of pseudosymmetric braidings: a quasitriangular structure on a Hopf algebra is called 
pseudotriangular if it satisfies a sort of modified quantum Yang-Baxter equation. 
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gories", contract nr. 560/2009, CNCSIS code ID.m. 

^Institute of Mathematics of the Romanian Academy, PO-Box 1-764, RO-014700 Bucharest, Romania. 



1 



In this paper we tie some lose ends from [9] and [10]. We study more examples of braided 
categories and quasitriangular Hopf algebras and decide when they are pseudosymmetric, respec- 
tively pseudotriangular. Namely, we prove that the canonical braiding of the category C1Z{H) of 
Yetter-Drinfeld-Long bimodules over a Hopf algebra H (introduced in ^Uj) is pseudosymmetric 
if and only if H is commutative and cocommutative. We show that any quasitriangular structure 
on the 4z/-dimensional Radford's Hopf algebra Hy (introduced in [12]) is pseudotriangular. We 
analyze the positive quasitriangular structures i?(^, rf) on a Hopf algebra with positive bases 
H{G;G+,G-) (as defined in [6j, where ^,ry are group homomorphisms from G+ to G_, 
and we present a list of necessary and sufficient conditions for R{^, rj) to be pseudotriangular. If 
R{^, rj) is normal (i.e. if ^ is trivial) these conditions reduce to the single relation rj^uv) = rj{vu) 
for all u,v & G+. 

In the last section we recall the pseudosymmetric braided category VS introduced in [TU] 
and we show that it is a universal pseudosymmetric category. More precisely, we prove that it 
satisfies two universality properties similar to the ones satisfied by the universal braid category 
B (see [5]). 

1 Preliminaries 

We work over a base field k. All algebras, linear spaces, etc, will be over k; unadorned 
means ^k- For a Hopf algebra H with comultiplication A we denote A(/i) = hi (8'/i2) for h € H. 
For terminology concerning Hopf algebras and monoidal categories we refer to [5]. 

Definition 1.1 (^9]) Let C be a strict monoidal category and c a braiding on C. We say that c 
is pseudosymmetric if the following condition holds, for all X,Y, Z C: 

{cY,z <8) idx){idY ® Cz^x)i^x,Y <^ idz) = (idz cx,y)(c^x <^ idY){idx <^ cy^z)- 
In this case we say that C is a pseudosymmetric braided category. 

Proposition 1.2 (^Qj) Let C be a strict monoidal category and c a braiding on C. Then c is 
pseudosymmetric if and only if the family Txy ■= cy^xcxy : X ®Y ^ X ®Y satisfies the 
condition {Txx ® idz){idx (8) 2V,z) = {idx Ty^z){Tx,y idz) for all X,Y,Z& C. 

Definition 1.3 ([^1) Let H be a Hopf algebra and R H a quasitriangular structure. Then 
R is called pseudotriangular if Ri2R^i R23 = ^23^31 ^12- 

Proposition 1.4 (^9]) Let H be a Hopf algebra and let R be a quasitriangular structure on H . 
Then R is pseudotriangular if and only if the element F = R21R ^ H ® H satisfies the relation 

-^12-^23 = -^23-^12- 

2 Yetter-Drinfeld-Long bimodules 

For a braided monoidal category C with braiding c, let C" be equal to C as a monoidal 
category, with the mirror-reversed braiding cm,n '■= cJ^^m^ objects M,N € C. Directly 

from the definition of a pseudosymmetric braiding, we immediately obtain: 

Proposition 2.1 Let C be a strict braided monoidal category. Then C is pseudosymmetric if 
and only if C^^ is pseudosymmetric. 
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Let H he a, Hopf algebra with bijective antipode S. Consider the category //3^P of left- 
right Yetter-Drinfeld modules over H, whose objects are vector spaces M that are left H- 
modules (denote the action hy h®m^ h ■ m) and right i?-comodules (denote the coaction by 
m I— > rra(o) ® ""^(i) S M (8) H) satisfying the compatibility condition 

{h ■ 'm)(^Q^ (g) (h ■ = /12 • 'm(o) <8i /i3m(i)5'^"^(/ii), y h ^ H, m E M. 

It is a monoidal category, with tensor product given by 

h ■ {m (S) n) = hi ■ m ® h2 ■ n, (m (g) n)(o) ® (m (g) n)(i) = m(o) fg) n(o) ig) n(i)m(i). 

Moreover, it has a (canonical) braiding given by 

cm,n ■■ M ® N ^ N (g) M, CM,N{rn (g) n) = n(o) ig nj-^) • m, 
hIn ■■ N (g) M ^ M ^ N, c^li^{n (g) m) = S'(n(i)) • m (g) n(o). 

Consider also the category left-left Yetter-Drinfeld modules over H, whose objects 

are vector spaces M that are left /f-modules (denote the action hy h (g m h ■ m) and left 
iif-comodules (denote the coaction by m 1-^ m^~^^ (gm^^^ € H (gM) with compatibility condition 

{hi ■ m)(~^)/i2 (g (hi ■ m)(°) = him^~^^ (g /i2 • m(°\ V h (£ H, m & M. 

It is a monoidal category, with tensor product given by 

h ■ (m g n) = hi ■ m (g h2 ■ n, {m (g n)^^"*"' (g {m (g n)^^^ = nS^'^'^ rJ-^'^'^ (g m*-"-* g) n^^\ 

Moreover, it has a (canonical) braiding given by 

CM,N : M <^N ^ N CM,N{m ®n)= m^"^) • n (g m(°\ 

CM,Af ■■ N (g M ^ M (g N, cjlj^{n gm) = rrS^^ (g S'^{rrS~^'>) ■ n. 

Proposition 2.2 (12]) For the categories nyi^^ o-nd with braidings as above, we have an 

isomorphism of braided monoidal categories {nyT^^y^ — |f3^^- 

Proposition 2.3 (19^) The canonical braiding of ny^^ is pseudo symmetric if and only if H 
is commutative and cocommutative. 

As a consequence of Propositions 12.11 12.21 and 12.31 we obtain: 

Proposition 2.4 The canonical braiding of ^yT> is pseudosymmetric if and only if H is com- 
mutative and cocommutative. 

We recall now the braided monoidal category CR{H) defined in [TT]. The objects of CR,{H) 
are vector spaces M endowed with i?-bimodule and //-bicomodule structures (denoted by /i (g 
m >-> h ■ m, m ® h ^ m ■ h, m ^ nS~^^ (g rrS^\ m m^^'' (g m^^^ , for all /i E m € M), 
such that M is a left-left Yetter-Drinfeld module, a left-right Long module, a right-right Yetter- 
Drinfeld module and a right-left Long module, i.e. (for all /i € i?, m G M): 

{hi ■ m)(-^)/i2 (g {hi ■ m)(°) = him'--^^ ^ /12 • m^°\ (2.1) 
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{h • m)<°> O {h ■ m)<^> = h ■ m<°> (g> m<^>, (2.2) 
(m • /i2)<°> O /ii(m • /i2)<^> = m<°> • /ii O m<^>/i2, (2.3) 
(m • /i)(-i) (m • /i)(°) = m(-^) (g) m(°) • /i. (2.4) 

Morphisms in C1Z{H) are ff-bilinear //-bicolinear maps. CTZ{H) is a strict monoidal category, 
with unit k endowed with usual ff-bimodule and i^-bicomodule structures, and tensor product 
given by: if M, iV e Cn{H) then M TV € Cn{H) as fohows (for all m e M , n e N , h e H): 

h ■ {m ® n) = hi ■ m ® h2 ■ n, [m ® n) ■ h = m ■ hi ® n ■ h2, 

(m (g) n)^"-^^ (g) (m (g) n)(°) = m^^^^n^^^^ (g) (m^^^ (g n^^^), 
(m (g) (g) (m (g n)<^> = (m<°> (g) n<°>) (g) m<^>n<^>. 

Moreover, CTZ{H) has a (canonical) braiding defined, for M,N S CTZ{H), m S M, n € A^, by 

CM,Af : M (g) N ^ N M, CM,N{m (g) n) = m^"^) • n<°> (g) m^^^ • n<^>. 



c 



j^/^ : iV ® M ^ M ® N, c^/^(n ® m) = m(°) • S~^{n<^>) ® S~^{m^-^^) ■ n<°>. 



Proposition 2.5 T/ie canonical braiding of CTZ{H) is pseudo symmetric if and only if H is 
commutative and cocommutative. 

Proof. Assume that the canonical braiding of CTi{H) is pseudosymmetric. As noted in 
with its canonical braiding is a braided subcategory of CTl{H), so the canonical braiding of 
is pseudosymmetric; by Proposition 12.41 it follows that H is commutative and cocommutative. 
Conversely, assume that H is commutative and cocommutative. Then one can see that the two 
Yetter-Drinfeld conditions appearing in the definition of CTZ{H) become Long conditions, that 
is ()2.ip and ()2.3p become respectively 

{h ■ m)(~^) (g {h ■ m)(°) = (g h ■ (2.5) 

(m • /i)<°> (m • /i)<^> = m<°> • h ® m<^>. (2.6) 

Let now X, y, Z G CR.{H); we compute, for x G X, y G y, z E .Z: 
(cY,z <8> idx){idY ig) c^^x)('^^,'^ idz){x (g> y z) 

(cy,z ® i(ix)(x(-^) • y<°> • 5-^((xW • y<^>)<^>) 
®S-i(z(-i))-(xW-y<i>)<o>) 

(x(-i) • 2/<o>)(-i) • • 5-i(xW<i>)]<0> 
^(^{"1) . y<0>)(0) . [^(0) . 5-i(2;(0)<i>)]<i> 

0S-i(z(-i))-x(o)<o>-2/<i> 

y<0>(-l) . ^(0)<0> . 5-l(^(0)<l>) ^ ^(-1) . y<0>(0) . ^(0)<1> 

®S-i(z(-i)).xW<o>-2/<i>, 
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{idz (8) cx,y){c^ -^ (g) idY){idx ® cy,z){x y z) 

{idz ® cx.y){cz]x ® idY){x ® y^'^^ ■ O y^^^ • 

^<o>(o) . ^~i(^<i>) a;<o>(-i) ■ yW<o> • z<i> 
05-l(z<O>(-l))-X<O>(O).y(O)<l>, 

and the two terms are equal because of the bicomodule condition for X, Y and Z. □ 



3 Radford's Hopf algebras Hy 

Let V be an odd natural number and assume that the base field k contains a primitive 2v^^ 
root of unity a; and 2v is invertible in k. We consider a certain family of Hopf algebras, which are 
exactly the quasitriangular ones from the larger family constructed by Radford in [T^]. Namely, 
using notation as in [3], we denote by Hj^ the Hopf algebra over k generated by two elements g 
and X such that 

g^'' = 1, gx + xg = 0, = 0, 

with coproduct /S.{g) = g ® g and A(x) = x ® g"^ + 1 ® x, and antipode S{g) = g^^ and 
S{x) = g^x. Note that Hi is exactly Sweedler's 4-dimensional Hopf algebra, and in general Hy 
is 4z/-dimensional, a linear basis in Hy being the set {g^x^ /Q < I < 2z/, < m < 1}. 

The quasitriangular structures of Hi, have been determined in |12] : they are parametrized by 
pairs (s,/3), where (3 G k and s is an odd number with 1 < s < 2z/. Moreover, if we denote by 
Rs^^ the quasitriangular structure corresponding to (s,/3), then we have 

i,l=0 i,l=0 

It was also proved in [12] that Rs^i3 is triangular if and only if s = u. 

Following |12) . we introduce an alternative description of Rs,i3, more appropriate for our 
purpose. For every natural number < / < 2i/ — 1, we define 



2u-l 
i=0 



regarded as an element in the group algebra of the cyclic group of order 2i/ generated by the 
element g (which in turn may be regarded as a Hopf subalgebra of H^ in the obvious way). 
Then, by [12], the following relations hold: 



1 = Co + ei + ... + 62, 



u-l, 
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for all < j < 2i/ — 1. Also, a straightforward computation shows that we have 



Note also that, since w is a primitive 21/^^ root of unity, we have 



= -1. 

With this notation, the quasitriangular structure Rs^p may be expressed (cf. [12]) as 

2i/-l 2u-l 

Rs,p = ^ ei ^ g'^ + PiY, eix O g'^^^x). 

1=0 1=0 

We are interested to see for what s, f3 is i?s,/3 pseudotriangular. We note first that for /3 = 0, 
Rsfl is actually a quasitriangular structure on the group algebra of the cyclic group of order 2iy, 
which is a commutative Hopf algebra, so Rgfi is pseudotriangular. 

Consider now Rg^p an arbitrary quasitriangular structure on H^. We need to compute first 
(Rs, 13) 21 Rs, 13 ■ By using the defining relations = and gx + xg = 0, the properties of the ele- 
ments ei listed above and the fact that s and v are odd numbers, a straightforward computation 
yields: 

2v-l 2!/-l 

{Rs,p)2iRs,p = ®(it + P{Y, ® etx) 

l,t=0 l,t=0 
2v-\ 

{.-^)'^'^'''''^'''xei ® etx). 

i,t=o 

Let us denote this element by T. We need to compare T12T23 and T23T12, so we first compute 
them, using repeatedly the defining relations of Hi, and the properties of the elements e^: 

2u-l 2v-l 

T12T23 = ^^'''^^'''ei®et(^ej + P{ Y ^^'''^^'''^"'ei^eteix^ejx 

l,t,j=0 l,t,i,j=0 

2u-l 2v-l 

- Y (-l)'^^'w^''™^'^'''ei0etxe, ®ejx+ Y ^^'^'^^'"^^"'eix ® etxa ej 

l,t,i,j=0 l,t,i,j=0 
2v-\ 

«,t,j,j=0 

2v-\ 2v-\ 

= Y a;^'"+^'*^e/ ® ej + ^{ Y (-l)^''^^'"+^'*^e/ ax O ejx 

l,t,j=0 l,t,j=0 

2u~l 2v-\ 

l,t,i,j=0 l,t,i,j=0 



2u-l 

- ^ {-lfu'^'^^+'^'^^xei®etxei®ej) 

l,t,i,j=0 

J2 a;2.a+2.tjg^ ^ ^ ^, + ^( ^ {-lyco^'l^ei ® etx ® g^'^ejx 
i,t,j=o i,t,j=o 

2z/-l 2z/-l 

- ^ {-\yg^^*ei®etxei®g^^''ejX+ ^ {-\fJ^^''^eix®g^^^etxei®ej 

l,t,i,j=0 l,t,i,j=0 
2u-l 

- ^ {-lfu?''''-^xei®g^''^etxei®ej) 

l,t,i,j=0 

2v-l 2v-l 

co'^'^'^^'^^ei (g) ® + ^( ^ oj^'^'ei ® e^x (g) 52^*+'^a; 
l,t,j=0 i,t=o 

2u-l 2i/-l 

- ^ 5^** (8) etxcj (8) g'^^'^'^x + ^ cj^^^^e/x (g) /*'+''xej (g Cj 

t,i=0 /,ij=0 
2i/-l 

- ^ w^^'-'xe; (8) if^^'+^xcj (8) Cj) 

2i/-l 2v-\ 

^ ^2.it+2stjg^ ^ ^ ^, + ^( ^ g2.tg^ ^ ^ ^2.t+z.^ 

i,tj=0 «,t=0 
2i/-l 2v-\ 

- ^ 5^** (g etxei ® g^^'-'^'^x + ^ e^x (g) ^i^^'+^^^'+'^xei g) 

t,i=0 /,ij=0 

2j^-1 

xcj (g e-i ) 

2!/-l 2J/-1 

l,t,j=0 t=0 
2I/-1 2i/-l 

- Y ® ® a'^'^^'^x + ^ e^x ® ^2si+2.j+<.^ ^ 
t,i=0 l,j=0 

2I/-1 

- ^ xei®g'^'^+^'^+''x0ej), 
i,j=o 

2v~l 2v-l 

i,t,j=o i,t,j=o 

2v-l 2v-l 

- ^ (-l)V^^*+2^*^xe/®etxg)ej + ^ (-l)V"'*+2"^^e/ (g e^xet (g e 

l,t,j=0 l,t,i,j=0 
2v-l 

- Y (-lFw^''™^e/ g) xet (g ejx) 



2u-l 2u-l 

= aj'^'lt+^'t^i (g) et ej + /?( {-ifeix ® g^'^+^'^etx ej 

l,t,j=Q l,t,j=0 

2i/-l 2u-l 

- ^ (-l)*xe; (8> 5^*'+^*-'etx 6^ + ^ (-l)-'a;^*'*+^^*-'e/ ® etxej (g) Cj-x 

l,t,j=0 l,t,i,j=0 
2v-l 

- ^ (-l)^'a;^*'*ei ® xet ® g^^^ejx) 

i,tJ=o 

2v-\ 2v~\ 

/,tj=o /j=0 

2i/-l 2i^-l 

- ^ a;e/ (g) g'^^^+'^^^+'^x + ^ (-l)^5^'*'ei (g) e^ccei g) g'^^'^ejx 
1,3=0 l,t,i,j=o 

2u-l 

-Y.g^''ei®xet^g^''+''x) 
i,t=o 

2v-l 2v-l 

= J2 oj^'^^^^'^^ei et ® ej + ^( ^ eix ® ^2s«+2.j+<.^ ^ 

i,tj=0 l,j=0 
2v-l 2v-l 

g'^'^+^'^+'^x ^ej+J2 9^"' ® ^txei ® g'^'*+^x 

1,3=0 t,i=0 
2v-l 

- 5Z 9^"' ®xet®g^''+''x). 
t=o 

Thus, we can see that we have 

2i/-l 2i/-l 

T12T2Z - T23T12 = KJ2 ® ® - E 5''* ® ® 5'''^"^ 

t=0 t,i=0 
2i/-l 2v-l 

t,i=0 t=0 

We need to prove now that we have 

for all < Z < — 1, where the subscripts are taken mod 2u. We use the following facts: 

co" = -1, 

xg'^ = {-lyg'^x = oj'"'g''x. 

We have: 

2u-l 

-a. 



xei = x-^ ^ cj -g- 

i=0 



i=0 
2v-l 

= — y uj-'^J'^g 
~ 9^ XI 



2z/ 

2v 



^ -M-v) i 



i=0 

= ei-i,x, q.e.d. 

Now we compute: 

2i/-l 2p-1 

X] 9^"^ ® ® g^'^'^^'x = X 3^** ® etti-vx g^-'^'^^'x 

t,i=0 t,i=0 

2v-\ 

t,i=0 
2v-\ 

t=o 

2v-\ 



2!/-l 

X 5^** (8) etx (g) g'^^^'^'^x, 
t=o 

so we have ^ 3^''* (g) etx ® g^^^^^'x - ^ 5^"** (g) etxcj ® g'^^'^^'^x = 0. Similarly, we have: 



t=o 

2u-l 2p-1 



t=0 t,j=0 



X 5^^' (8> etxcj (8) if^^^+'^x = X 5^*' (8) xet+,,ej (g g'^^^^^'x 

t,i=0 t,i=0 



t,i=0 
2v-\ 

g"" 09 xBi (i9 g~"^' ''"X 



j=0 
2i/-l 



51 (g Xej (g 5 X, 
j=0 



2u-l 2u-l 

SO we have ^ c/^** (g xet (g g'^^^'^^x - ^ 5^** ® e^xej (g g'^^^^'^x = 0. Consequently, we have 

t=o t,i=0 
7i2723 — r23ri2 = 0, and so we obtained: 
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Theorem 3.1 Any quasitriangular structure Rs^i3 on Radford's Hopf algebra is pseudotri- 
angular. 

4 Hopf algebras with positive bases 

In this section the base field is assumed to be C, the field of complex numbers. 

We recall from [6] that a basis of a Hopf algebra over C is called positive if all the structure 
constants (for the unit, counit, multiplication, comultiplication and antipode) with respect to 
this basis are nonnegative real numbers. Also, a quasitriangular structure i? on a Hopf algebra 
having a positive basis B is called positive in [7] if the coefficients of R in the basis B ® B are 
nonnegative real numbers. The finite dimensional Hopf algebras having a positive basis and the 
positive quasitriangular structures on them have been classified in [6], [7] as follows. 

Let G be a group (we denote by e its unit). A unique factorization G = G+G- of G consists 
of two subgroups G+ and G_ of G such that any g £ G can be written uniquely as g = g+g-, 
with g^ G G^ and g^ € G_. By considering the inverse map, we can also write uniquely 
g = g-g+, with g_ G G_ and 5+ G G+. 

Let u G G+, X G G_; then we can write uniquely 

xu = (^u)(x"), vuith G G+ and j;" G G_, 
ux = {^x){u^), with "x G G_ and G G+. 

So, we have the following actions of G+ and G_ on each other (from left and right): 

G_ X G+ G+, {x,u) ^ ^u, 

G_ X G+ -> G_, {x,u) x", 

G+ X G_ ^> G_, {u,x) 1-^ "^x, 

G+ X G_ G+, (n, x) u^. 

The relations between these actions and the decompositions g = g+g- = g-'g+ are: 
3-5+ = 5+; = g_; g^- = g_^; = g_. {3+g^){gl') = g+g_; {^-g+){g'+) = g.g+. 

Given a unique factorization G = Gj^G- of a finite group G, one can construct a finite 
dimensional Hopf algebra H{G;G-^-,G-), which is the vector space spanned by the set G (we 
denote by {g} an element g G G when it is regarded as an element in H(G; G4-, G_)) with the 
following Hopf algebra structure: 
multiplication: {g}{h} = 6 a- {gh-} 

unit: l = Eg+eG+{9+} 

comultiplication: A({g}) = T.h+eG+{9+K^i'^^9-)} <8 {h+g-} 
counit: e{{g}) = 6g^^e 
antipode: S{{g}) = {g~^} 

The Hopf algebra H[G;G+^G-) has G as the obvious positive basis. Conversely, it was 
proved in [6] that all finite dimensional Hopf algebras with positive bases are of the form 
H{G] G-f, G_). 

The positive quasitriangular and triangular structures on H{G; G-^-, G_) have been described 
in [7] as follows: 

Theorem 4.1 (I7j) Let G = Gj^G- he a unique factorization of a finite group G. Let ^,r/ : 
G+ — )• G_ he two group homomorphisms satisfying the following conditions: 

i{uy = au^^-)), (4.1) 
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^^(v) = 7?(«(")f), (4.2) 

uv = (4.3) 

Cru)x" = x^{u), (4.4) 

r]{^u)x'^ = xr]{u), (4.5) 



for all u,v G G+ and x G G_ . T/ien 

mr?):= Yl M^W")"'}®K(^)} 

is a positive quasitriangular structure on H{G;G+,G-). Conversely, every positive quasitrian- 
gular structure on H{G;G-^-,G-) is given by the above construction. 

Moreover, each of the conditions ^4-l\ )- (4^ is equivalent to the corresponding property below: 



-i{u)=a''^^\), (4.6) 

r;(-t;)« = r;(t;«W), (4.7) 

^1- = (^(")i.)(n«(^)), (4.8) 

''xe(n^) = i{u)x, (4.9) 

''xr/(n^) = r}{u)x. (4.10) 



Moreover, R{^,r]) is triangular if and only if i = r]. 

Our aim now is to characterize those R{i, r]) that are pseudotriangular. So, let R = R{^, r/) 
be a positive quasitriangular structure on H{G;G+,G-). We have (see [7j): 

R2iR= {<i^)iv{'^ry'}^Mv{vrr'a'u)}, 

where we denoted u = v^^'^^ and v = '^^'"^u. 

We denote T = R21R and we compute (by using the formula for the multiplication of 
H{G] G-f , G_)): 

= Y M^^){v&^u)'■^''"'Y'} ^ {^(^?(^)")-'e(^^^("))e(s)(r/C'Ws)(*''^'))-n 
Hsivityr'at^^'^)}, 

where t = and 

T23T12 = ( Y i^{&c(«)(^r^''^«)^'''"'^)"'}®{«(^(^)")"'c(^'^^"^)}) 

a,beG+ 
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c,deG+ 

where c = 65{a)(»)(''*'''a)''' gy -writing down what means T12T23 = T23T12, we obtain: 

Proposition 4.2 The positive quasitriangular structure R{^, rf) is pseudotriangular if and only 
if the following conditions are satisfied: 

for all u,v,se G+, where t = n(^M")-'«(-'^"^) and c = 

A better description may be obtained for a certain class of positive quasitriangular structures. 

Definition 4.3 (^) A positive quasitriangular structure R{^,r]) on H(G;G+,G-) is called 
normal if i{u) = e for all u G Gj^. 

Theorem 4.4 A normal positive quasitriangular structure R{^,rj) on H{G;G+,G-) is pseudo- 
triangular if and only if r]{uv) = r]{vu) for all u,v £ G+. 

Proof. We note first that, since ^(ti) = e for all u S G+, some of the relations (|4.ip - ()4.10p may 
be simplified, in particular we have ^r]{v) = ri{v), uv = v{u^^'"^), = uv = {^^'^^v)u, 

for all u,v (z G+. By using these relations, together with the fact that ^(n) = e for all u G G+, 
the three conditions in the above Proposition may be also simplified, so we obtain that R{S,, rf) 
is pseudotriangular if and only if we have: 

r]{vuv~^) = r]{vcv~^), 
r]{v)^^ri{tst^^)~^ = r]{usu~^)^^ri{v)~^ , 
r,{t)-' = v{u)-\ 

for all u,v,s G G+, where t = vuv~^ and c = usus^^u^^ , and one can easily see that each of 
these three conditions is equivalent to the condition r]{uv) = r]{vu), for all n, w G G+. □ 

We recall from [9J that the canonical quasitriangular structure on the Drinfeld double of 
a finite dimensional Hopf algebra H is pseudotriangular if and only if H is commutative and 
cocommutative. In particular, if G is a finite group, the canonical quasitriangular structure on 
the Drinfeld double of the dual k[G]* of the group algebra k[G] is pseudotriangular if and only 
if G is abelian. We want to reobtain this result (over C) as an application of Theorem 14. 4[ 
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We consider the unique factorization G = G+G_, where = G and G_ = {e} (so the Hopf 
algebra i?(G;G+,G_) is exactly k[G]*). As in [7], we consider the group G = G x G, with the 
unique factorization G = Gj^G^, where (5+ = G x {e} and G_ = {{g-,g) ■ g E G}. By [7], the 
group homomorphisms ^,r/ : G+ ^ G_ defined by C{g,e) = (e, e) and r]{g,e) = {g,g) induce 
a positive quasitriangular structure i?(^,ry) on H{G;G+,G-) and moreover H{G;G+,G-) is 
the Drinfeld double of H{G; G+, G_) = k[G]* and r/) is its canonical quasitriangular struc- 
ture. Obviously i?(^,r/) is normal, so we may apply Theorem 14.41 and we obtain that i2(^,r/) is 
pseudotriangular if and only if (gh, gh) = (hg, hg) for all g,h £ G, i.e. if and only if G is abelian. 

5 Universality of the pseudosymmetric category VS 

In this section we use terminology, notation and some results from [5] (but we use the term 
"monoidal" instead of "tensor" when we speak about tensor categories and tensor functors). 

Our aim is to show that the pseudosymmetric category VS introduced in |10| has two uni- 
versality properties similar to the ones of the braid category B, the universal braided monoidal 
category (see [5]). First, we recall from [10] the definition of VS. The objects of VS are natural 
numbers n G N. The set of morphisms from m to n is empty if m 7^ n and is PSn ■= [p^j3 ] 
if m = n, where i?„ (respectively P„) is the braid group (respectively pure braid group) on 
n strands. The monoidal structure of VS is defined as the one for B, and so is the braiding, 
namely (we denote as usual by cJi, (T2, ct„_i the standard generators of Bn and by 7r„ the 
natural morphism from Bn to PSn)- 

Cn,m : n (S> m m (S> n, co,n = idn = c„,o, 

m'^m—1 ' ' ' C'"l)(c'"m+l<7m • • • (T2) ' ' ' {cT m+n—2 ' ' ' (^n)) if 71 > 0. 

In order to introduce the first universality property for VS, we need the following definition, 
motivated by results in [lOj and by the definition of Yang-Baxter operators from [5]: 

Definition 5.1 IfV is an object in a monoidal category {C,^,I,a,l,r), an automorphism a of 
V 0V is called a pseudosymmetric Yang-Baxter operator on V if the following two dodecagons 
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(for a and a ) commute: 



{V(S)V)(S)V 



o-v,V,v 



{V(S)V)(S)V 



"■vyy 



V®{V®V) 



±1 



V^iV^V) 



J-1 

V.V,V 



{V®V)®V 



V®{V®V) 



idyi^cr 



-^v,v,v 



{V^V)^V 

(J^^(S)idy 

{V(g)V)tE)V 
<^v,v,v 
V(^{V(^V) 



<^v,v,v 




V^iV^V) 



Note that a pseudosymmetric Yang-Baxter operator is a special type of Yang-Baxter operator 
as defined in [5], p. 323. Moreover, just like Yang-Baxter operators, they can be transferred by 
using functors between monoidal categories: 

Lemma 5.2 Let {F,ipQ,ip2) :C ^T> he a monoidal functor between two monoidal categories. If 
a G Aut(y ®V) is a pseudosymmetric Yang-Baxter operator on the object V €z C, then 

a' = ip2{V, V)-^ o F{a) o ip^iV, V) 

is a pseudosymmetric Yang-Baxter operator on F{V). 

Proof. The proof follows exactly as in [5j, Lemma Xin.3.2, by using also the identity 

{a')-^ = ip2{V, V)-^ o F(a-i) o ^2{V, V) 
in order to prove the pseudosymmetry of cr'. □ 



We define the category PSYB{C) of pseudosymmetric Yang-Baxter operators to be a full 
subcategory of YB{C), the category of Yang-Baxter operators defined in [5|. An object in 
PSYB{C) is a pair iV^cr) where is a object in C and u is a pseudosymmetric Yang-Baxter 
operator. 

Recall the following construction from [5]. Suppose that (F, 930,932) : ^ — > C is a monoidal 
functor from the universal braid category S to a given monoidal category C. Since ci^i = ui 
is a Yang-Baxter operator on the object 1 € ;B, it follows that a = ^(1, 1)952(1, 1) is 

a Yang-Baxter operator on F{1) € C. In this way we get a functor : Tens{B,C) YB{C), 
where Tens{B,C) is the category of monoidal functors from B to C. It was proved in [5] that: 

Theorem 5.3 (15]) For any monoidal category C, the functor Q : Tens{B,C) YB{C) is an 
equivalence of categories. 
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One can note that we have a natural monoidal functor ir : B ^ VS induced by the group 
epimorphism 7r„ : i?„ PSn- This allows us to identify the category Tens(VS ,C) with a 
subcategory of Tens{B, C). More precisely, we identify it with the full subcategory of all monoidal 
functors F : B ^ C with the property that there exists a monoidal functor G : VS — )• C such 
that F = G o TT. 

We can state now the first universality property of VS: 

Theorem 5.4 For any monoidal category C, the functor Q : Tens{VS,C) — )• PSYB{C), @{G) = 
Q{G o tt) is an equivalence of categories. 

Proof. First we note that 7r(ci^i) is a pseudosymmetric Yang-Baxter operator in VS and so by 
Lemma l5.2l we have (/P2ni>l)G(^(ci,i))v32(l,l) G PSYB{C). This means that is well defined. 
Since G is fully faithful and is its restriction to a full subcategory, it is enough to show that 
O is essentially surjective. This follows from the next lemma. □ 

Lemma 5.5 LetC be a strict monoidal category and (V^, cr) an object in PSYB[C). Then there 
exists a unique strict monoidal functor G : VS — t- C such that G{1) = V and G{tt{ci^i)) = a. 

Proof. From [5j, Lemma Xin.3.5 we know that for all (V, o") E YB{C) there exists a unique 
strict monoidal functor F : B ^ C such that F{1) = V and F[ci^i) = a. It is enough to show 
that when (V^,ct) G PSYB{C) the functor F factors through vr. But this follows immediately 
from the fact (see |10j ) that 



PS„ 



B. 



n 



< aia-^^ai = ai+ia- Vi+ijl <i<n-2> 



and the definition of a pseudosymmetric Yang-Baxter operator. □ 

Definition 5.6 (fE^) A monoidal functor (F, 930,922) from a braided monoidal category C to a 
braided monoidal category T> is braided if for every pair {U,V) of objects in C the square 

F{U) F{V) F{U V) 



<^F(U),F(V) 



F(cu,v) 



F{V) F{U) F{V (g> U) 

commutes. Denote by Br{C,V) the category whose objects are braided monoidal functors and 
morphisms are natural monoidal transformations. 

Theorem 5.7 (I5j) For a braided monoidal category C, the functor Q' : Br{B,C) C defined 
by @'{F) = F{1) is an equivalence of categories. 

In the definition of a pseudosymmetric braided category C introduced in [9] was assumed that 
C was a strict monoidal category. The next proposition is the analogue of Theorem 3.7 from [9] 
for monoidal categories with nontrivial associativity constraints. Note that the proof that we 
present here is very direct and is inspired by the results in jlO] . 
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Proposition 5.8 Let {C, (8>, I, a, I, r, c) be a braided monoidal category. The following conditions 
are equivalent: 

(i) For every U , V , W & C the following diagram is commutative: 

{U0V)^W 

^U, V ®id^r^ — ""----J^U, V, w 



{V®U)(g)W 

0'V,U,W 

V0{W^U) 

"•v,w,u 
{V®W)®U 



{W®V)®U 



idu(Sicv,w 

U(^{W^V) 

^u,w,v 
{U^W)^V 

''W,U 

{W®U)^V 

aw,u,v 
W(^{U(^V) 



(a) For every U , V , W E C the following diagram is commutative: 

{U^V)^W 



cv,ucu,v 




(iu,v,w 



U^{V^W) 



('■u,v,w 



U^{V^W) 



'Cw,VCV,W 



U^{V^W) 



9CW:VCV,W 

U^{V^W) 

^u,v,w 
{U®V)^W 




ucu,v'®idw 



{U(^V)(^W 



Proof. Take U, V, W £ C. Using only the fact that C is a braided category we have 
{icv,ucu,v) <^ idw)auy,wi'^d,u ® {cw,vcv,w))au,v,w 

= {cv,u ^ idw)ayjj^^{idv ^ c^^w)i('^^v ® cu,w)av,u,w{cu,v ^ idw)] 

(^uy,wi'''du (8) cw,vcv,w)au,v,w 
= {cv,u <8) idw)aY]jiYiidv <^ Cu\v)[^v,w,ucu,ViS'Wau,v,w]au\/w 
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{idu (g) cw,v ° cv,w)o-u,v,w 
= {cv,u ''■dw)aY^^^^{idv ® c^lw)"'V,w,u{cw,v <^ ■idu){cv,w <^ ''■du)cu,v^wau,v,w, 

ajjy^yy{idu ^ Cw,v){idu (8) cv,w)au,v,w{cv,u ^ ''■(iw){cu,v <8 idw) 

= fl[/,V,iy(^^t' ^ cw,v)0'U,w,vcv,u®w<^v,u,w {cu,v idw) 

= o,uy,w(''''^u ^ cw,v)au,w,vcv,U(S)w{'idv ^ ^ cu,w)av,u,w{cu,v idw) 

= "'uy,w('^du 'S) cw,v)au,w,v{cy]w idv)cv,w®u{idv ® cu,w)av,u,wicu,v ^ idw) 

= ^uy,w('^du <8 cw,v)au,wyicu^w idv)a^jjy{idw (8) cv,c/)aH/,y,c/(cy,H/ ic?c/)ay,V,i7 

{idy (8) cu,w)av,u,w{cu,v "S) idw) 
= "c/,V,iy(^^f^ ciy,v)ac/,w/,y(%,V "8) idv)a^^jjy{idw ^ cv,u)aw,v,uicv,w ® idu)ay^w,u 

0'V,w,ucu,V(S)Wau,v,w 
= ^uywi'^^u <8> cpv,v)ac/,w/,y(%,V '8) i(iv)a^]^y(i(iTy cy,c/)aiy,y,c/ 

(cy,H/ "8) ^c^;7)cc/,y®VKfl(7,v,VF- 

This means that the condition (ii) holds if and only if 

{cv,u (S> idw)ayjjyy(idv ® c^]v)av,w,u{cw,v ® idu) 

= O'uywi^^u <8' cw,v)au,w,vicu^w ^ idv)aw,u,v(^dw cv,u)aw,v,u, 
and this condition is obviously equivalent with (i). □ 

Definition 5.9 We say that a braided monoidal category {C,0,I,a,l,r,c) is pseudosymmetric 
if it satisfies any of the two equivalent conditions from Proposition \5.8l 

Remark 5.10 If {C,®,I,a,l,r,c) is a pseudosymmetric braided monoidal category andV is an 
object in C, then cyy is a pseudosymmetric Yang-Baxter operator on V . 

Lemma 5.11 If the braided category C is pseudosymmetric then Br{B,C) = Br{'PS,C). 

Proof. The isomorphism is induced by vr : — ?> VS. More precisely, we have 

TT* : Br{VS,C) ^ Br{B,C), vr*(G) = Go7r. 

Because 7r„ : B^ — )• PSn is surjective and the category C is pseudosymmetric, any functor 
F G Br{B,C) is of the form F = G o n for some unique G € Br{'PS,C). □ 

As a consequence of this and Theorem 15.71 we obtain the second universality property of VS: 

Theorem 5.12 For a pseudosymmetric braided category C, the functor B' : Br{VS,C) — > C 
defined by Q'{G) = G{1) is an equivalence of categories. 
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